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1 Introduction
Holography in flat space has an ambiguous status. On the one hand, there are arguments that
quantum theories of gravity are holographic, independently of the asymptotics of the space-
time. On the other hand, concrete examples of quantum theories of gravity with a holographic
dual are confined to anti-de Sitter spaces, close cousins, and low-dimensional examples. It thus
remains worthwhile to investigate to what extent holography in flat space holds. If it does, one
would like to construct explicit examples.
A guiding principle is the flat space asymptotic symmetry group. This group first played a
role in the analysis of gravitational waves in flat space, and was later greatly elucidated [1–7].
For a review see e.g. [8] and e.g. [9] for further developments. In particular, it was shown that
general relativity in three-dimensional flat space can be given boundary conditions that allow
for a large BMS3 symmetry algebra. This symmetry algebra is a contraction of two centrally
extended Virasoro algebras. As such, it is a close analogue to the asymptotic symmetry group
of AdS3 [10]. The latter is suggestive of the existence of a dual conformal field theory. It thus
is natural to analyze the BMS3 algebra closely, with flat space holography in mind.
In this paper, we want to analyze to what extent the BMS3 symmetry algebra can be
embedded into a fully consistent theory of quantum gravity. We wish to show that tree level
three-dimensional flat space string theory represents the asymptotic symmetry group BMS3.
We furthermore show that classes of possible α′ corrections to the vertex operator realization
we propose are absent.
Our paper is organized as follows. In section 2, we recall how the BMS3 algebra arises
from the asymptotic symmetry algebra of AdS3 in the limit of vanishing cosmological constant
(see e.g. [11]). We discuss the differences between the case with zero and negative cosmological
constant, and discuss the subtleties in taking the limit at the level of the vertex operator algebra
on the worldsheet.
In section 3 we review how to associate vertex operators with diffeomorphisms in space-
time, and we compute their algebra. It turns out that there are possible α′ corrections to the
algebra. Since this is a perhaps surprising feature of our analysis, we dedicate a long appendix
to worldsheet vertex operator algebras, both chiral and non-chiral, that exhibit α′ corrections.
We structured the appendix such that it can be read independently.
We are further lead, in section 3 to define the concept of asymptotically marginal diffeomor-
phisms. Indeed, we wish to remark that all diffeomorphisms leave a given background on-shell.
In string theory, each diffeomorphism is associated to a BRST exact state, which therefore is
BRST closed and leaves the string field on-shell. We remind the reader in appendix A how this
goes in practice in covariantly quantized string theory (even when the diffeomorphisms are not
transversely polarized or marginal). Still, such diffeomorphisms have a non-trivial leg in the
ghost sector. That is why we will concentrate in subsection 3.5 on diffeomorphisms that only
shift the metric, and that are asymptotically transverse and on-shell. They are associated to
diffeomorphisms that can be written as shifts of physical matter fields of the form cc¯O where
O is a primary operator in the matter conformal field theory.
We then show in section 4 that the BMS3 algebra can be represented by asymptotically
marginal vertex operators in string theory, and moreover, that potential α′ corrections to the
diffeomorphism algebra vanish. We conclude in section 5 with a summary and a list of topics
for further analysis.
3
2 The embedding in AdS3
In this section, we review how the asymptotic symmetry group of three-dimensional flat space
arises from that of anti-de Sitter space, and give motivation for constructing the BMS3 algebra
in flat space string theory directly.
2.1 The embedding in AdS3 gravity
A first approach to the problem of constructing the BMS3 algebra in string theory could consist
in taking the limit of large radius of curvature in the AdS3 results. Indeed, this is possible, and
leads from two copies of the Virasoro algebra to the BMS3 algebra, with central charge. We
start out with two copies of the Virasoro algebra with central charge c:
[Lm,Ln] = (m− n)Lm+n + c
12
(m3 −m)δm+n,0
[L˜m, L˜n] = (m− n)L˜m+n + c
12
(m3 −m)δm+n,0. (2.1)
The classical general relativity value of the central charge is c = 32
l
GN
where l is the radius of
curvature of the AdS3 space and GN is Newton’s constant [10]. The central charge acquires
α′/l2 corrections in bosonic string theory [12, 13]. We can obtain the BMS3 algebra through
the redefinition
Pm = 1
l
(Lm + L˜−m)
Jm = Lm − L˜−m , (2.2)
and the contraction l→∞ with the charges Pm and Jm kept fixed, yielding:
[Jm,Jn] = (m− n)Jm+n
[Jm,Pn] = (m− n)Pm+n + c
12
(m3 −m)δm+n,0
[Pm,Pn] = 0, (2.3)
where now c = 3/GN . The limit we performed can alternatively be described as the limit of
large momentum compared to the inverse radius of curvature of AdS3. Note that the momentum
charges P carry dimension of one over length, as does the central charge. Without reference
scale (e.g. a momentum), the value of the central charge is arbitrary. Combining momentum
with the three-dimensional Newton constant allows for the construction of a dimensionless ratio.
We can make this manifest in the algebra:
[Jm,Jn] = (m− n)Jm+n
[Jm, GNPn] = (m− n)GNPm+n + 1
4
(m3 −m)δm+n,0
[GNPm, GNPn] = 0. (2.4)
2.2 The embedding in AdS3 string theory
The worldsheet embedding of the AdS3 general relativity asymptotic symmetry algebra was
performed in [14, 15]. One can review that calculation, and take the flat space limit at the
very end to recuperate the BMS3 algebra, as we did above. That is one way to embed the
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asymptotic symmetry algebra of flat space in string theory – by viewing flat space string theory
as a limit of AdS3 string theory where we take the cosmological constant to zero.
We would like to develop a more direct route, working with strings in flat space, and the flat
space worldsheet string action. One reason is the following. The calculation of [14] corresponds
to an expansion in a free conformal field theory deformed by the operator exp(−ρ/√k), where
the radial coordinate ρ is taken large and the radius of curvature squared over α′ (i.e. the
level k) is kept fixed, such that one has a perturbative expansion. Taking the zero cosmological
constant limit k →∞ does not commute with the large radius limit. The non-commutativity of
these two limits is one way to understand that there is no direct way of adapting the calculation
in [14] in AdS3 to the flat space context proper. Furthermore, we note that the AdS3 conformal
field theory is interacting and difficult to solve while the flat space worldsheet action is a free
conformal field theory. To learn about flat space string theory and its asymptotic symmetry
group, we want to develop a more direct approach.
3 The algebra of diffeomorphism vertex operators
3.1 Diffeomorphism vertex operators
String theory is a theory of gravity, and is invariant under diffeomorphisms. The algebra of
diffeomorphisms is part of the vast symmetry algebra of string theory. In a covariant quantiza-
tion, diffeomorphisms correspond to shifts of the background by BRST exact worldsheet vertex
operators. In particular, diffeomorphisms correspond to graviton vertex operators where the
graviton fluctuation is taken to correspond to the variation of the metric under an infinitesimal
diffeomorphism, at least to first order in α′. We will call such a vertex operator a (generalized)
diffeomorphism vertex operator. In the classical general relativity limit of string theory, we
expect the diffeomorphism vertex operators to satisfy the diffeomorphism algebra. They may
satisfy an α′ corrected algebra at higher order, but by abuse of nomenclature, we will still call
these operators diffeomorphism vertex operators.
More explicitly, there is a map from infinitesimal diffeomorphisms parameterized by a vector
field ξ to graviton vertex operators Vξ:
Vξ =
1
2πα′
∫
d2z δGµν∂X
µ∂¯Xν (3.1)
where the variation of the metric δGµν is:
δGµν = ∇µξν +∇νξµ . (3.2)
The first order commutator algebra of these diffeomorphism vertex operators is expected to
reproduce the commutator algebra of diffeomorphisms, where the vector associated to the com-
mutator of diffeomorphisms ξ1 and ξ2 is the Lie bracket [ξ1, ξ2]
µ = ξν1∂νξ
µ
2 − ξν2∂νξµ1 .
The structure of the algebra can be made more explicit in the case of a flat space back-
ground. In n-dimensional flat space, the background metric is trivial and the operator product
expansions of the free coordinate fields Xµ are:
Xµ(z1, z¯1)X
ν(z2, z¯2) ≈ −α
′
2
log |z1 − z2|2 . (3.3)
The covariant derivatives ∇µ in equation (3.2) reduce to ordinary derivatives ∂µ. We can
use this information to calculate the commutator of diffeomorphism vertex operators. Before
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performing the calculation, we simplify the form of the diffeomorphism vertex operators, using
the worldsheet equations of motion and Stokes theorem:
Vξ =
1
2πα′
∫
d2z
(
∂µξν + ∂νξµ
)
∂Xµ ∂¯Xν
=
1
2πα′
(∮
dz ξµ∂X
µ −
∮
dz¯ ξµ∂¯X
µ
)
. (3.4)
The contour integrals are performed over boundaries of the worldsheet, and around other in-
sertions. After these preliminaries, we are ready to compute the algebra of the (generalized)
diffeomorphism vertex operators.
3.2 The commutator of diffeomorphism vertex operators
In string theory it is natural to extend the algebra of diffeomorphisms by the algebra of anti-
symmetric gauge transformations. Indeed, T-duality symmetry of string theory puts them on
similar footing. We are thus motivated to define the following operators, reminiscent of current
components:
jz(ξ
L) = ξL · ∂X
jz¯(ξ
R) = ξR · ∂¯X . (3.5)
where ξL,R are space-time fields. We start off with an important remark on the algebra of these
operators. The operators ξL and ξR are functionals of the coordinate fields Xµ. We can assume
they can be Fourier decomposed. The Fourier modes are exponentials with operator products:
: eik1·X(z1,z¯1) : : eik2·X(z2,z¯2) : = |z1 − z2|α′k1·k2 : eik1·X(z1,z¯1)+ik2·X(z2,z¯2) : . (3.6)
The factor |z1−z2|α′k1·k2 changes the dimension of the product from the sum of the dimensions
of the factor operators. The first important remark we want to make is that almost always we
will ignore this type of contribution. That is restrictive, and we will discuss the importance of
this restriction on several occasions later on. In summary, in the following we will often ignore
ξ-ξ contractions.
After this preliminary, we compute the algebra of diffeomorphisms and anti-symmetric gauge
transformations, through the operator product expansion of the component operators. There
will be both double and single contractions. The double contractions come with an extra power
of α′ (which we set equal to two), and two extra space-time derivatives. The operator products
are:
jz(z1, z¯1) jz(z2, z¯2) ≈ − 1
z1 − z2 ξ
L1ρ ∂ρξ
2L
µ ∂X
µ(2) +
1
z1 − z2 ξ
2Lρ ∂ρξ
1L
µ ∂X
µ(2)
− 1
(z1 − z2)2 ξ
L1ρ(1) ξL2ρ (2)−
1
(z1 − z2)2 ∂ρξ
L1ν(1) ∂νξ
L2ρ(2)
where (1) and (2) denote operators evaluated at z1 or z2 respectively. For the mixed operator
product of current components we have:
jz(z1, z¯1) jz¯(z2, z¯2) ≈ − 1
z1 − z2 ξ
L1ρ∂ρξ
2R
µ ∂¯X
µ(2) +
1
z¯1 − z¯2 ξ
2Rρ ∂ρξ
1L
µ ∂X
µ(2)
−contact term− 1|z1 − z2|2 ∂ρξ
L1ν(1) ∂νξ
R2ρ(2) .
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The commutators
We can use these operator products, valid at short distance on a cylinder as well as on the plane
to compute equal time commutators of these operators. We evaluate products of operators at
z = σ + iτ , regularized by a split in the time direction τ in accord with time ordering.2 After
expanding arguments around σ1,2, we find:
[jz(1), jz(2)] = 2πiδ(σ1 − σ2)
(
− ξL1ρ∂ρξ2Lµ ∂Xµ + ξ2Lρ∂ρξ1Lµ ∂Xµ
)
(σ2)
+2πi∂σ1δ(σ1 − σ2)
(
ξL1ρ(σ1)ξ
L2
ρ (σ2) + ∂ρξ
L1ν(σ1)∂νξ
L2ρ(σ2)
)
(3.7)
while the mixed commutator is:
[jz(1), jz¯(2)] = 2πiδ(σ1 − σ2)
(
− ξL1ρ∂ρξ2Rµ ∂¯Xµ − ξ2Rρ∂ρξ1Lµ ∂Xµ
+
1
2
(∂µ∂ρξ
L1ν∂νξ
R2ρ∂Xµ − ∂µ∂ρξL1ν∂νξR2ρ∂¯Xµ
−∂ρξL1ν∂µ∂νξR2ρ∂Xµ + ∂ρξL1ν∂µ∂νξR2ρ∂¯Xµ)
)
(σ2) . (3.8)
We now recall that diffeomorphisms and anti-symmetric gauge transformations give rise to the
vertex operators on the cylinder:
D[ξ] =
i
4π
∫
dσ
(
jz(ξ)− jz¯(ξ)
)
, (3.9)
A[ξ˜] =
i
4π
∫
dσ
(
jz(ξ˜) + jz¯(ξ˜)
)
. (3.10)
We obtain the commutators of the diffeomorphism charges after double integration:
[D[ξ1],D[ξ2]] =
i
4π
∫
dσ
(
ξ1ρ∂ρξ
2
µ − ξ2ρ∂ρξ1µ
+
1
2
(
∂µ∂ρξ
1ν ∂νξ
2ρ − ∂ρξ1ν ∂µ∂νξ2ρ
))
(∂Xµ − ∂¯Xµ) . (3.11)
At leading order, we find the expected diffeomorphism algebra. At subleading order, we find a
higher derivative contribution. We can summarize the algebra of parameters:
[ξ1, ξ2]µ = ξ
1ρ∂ρξ
2
µ − ξ2ρ∂ρξ1µ +
α′
4
(
∂µ∂ρξ
1ν ∂νξ
2ρ − ∂ρξ1ν ∂µ∂νξ2ρ
)
. (3.12)
For the other brackets, we find:
[A[ξ˜1], A[ξ˜2]] =
i
4π
α′
4
∫
dσ
(
− ∂µ∂ρξ˜1ν ∂ν ξ˜2ρ + ∂ρξ˜1ν ∂µ∂ν ξ˜2ρ
)
(∂Xµ − ∂¯Xµ)
[D[ξ1], A[ξ˜2]] =
i
4π
∫
dσ
(
ξ1ρ∂ρξ˜
2
µ + ∂µξ
1ρξ˜2ρ +
α′
2
∂µ∂ρξ
1ν ∂ν ξ˜
2ρ
)
(∂Xµ + ∂¯Xµ) . (3.13)
We have found the algebra of pairs of parameters:
[(ξ1, ξ˜1), (ξ2, ξ˜2)] =
(
[ξ1, ξ2],Lξ1 ξ˜2 − Lξ2 ξ˜1 − c0 d
(
ξ1 · ξ˜2 − ξ2 · ξ˜1
))
+
(
α′
4
(
∂µ∂ρξ
1ν ∂νξ
2ρ − ∂ρξ1ν ∂µ∂νξ2ρ
)
− α
′
4
(
∂µ∂ρξ˜
1ν ∂ν ξ˜
2ρ − ∂ρξ˜1ν ∂µ∂ν ξ˜2ρ
)
,
α′
2
∂µ∂ρξ
1ν ∂ν ξ˜
2ρ − α
′
2
∂µ∂ρξ
2ν ∂ν ξ˜
1ρ − c1α
′
2
d
(
∂ρξ
1ν∂ν ξ˜
2ρ − ∂ρξ2ν∂ν ξ˜1ρ
))
.
(3.14)
2See e.g. section 5 of [16] for the relevant techniques.
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There are coefficients c0 and c1 which are total derivative terms that are not fixed by our
calculation. At leading order, we obtain the Courant bracket if we put c0 = 1/2 as can be seen
from the first line. (This corresponds to a mid-point prescription for the right hand side of the
commutator of currents [17]. It also provides the existence of an extra automorphism for the
bracket [18].) At higher order, the choice c1 = 1/2 is equally natural. We fix these choices
from here on. At subleading order, the algebra of our generalized diffeomorphism and anti-
symmetric gauge transformation vertex operators exhibits new features. We find α′ corrections
to the diffeomorphism algebra. Generalized anti-symmetric gauge transformations commute
into a diffeomorphism parameter. Et cetera. The algebra deserves further comment.
If we view diffeomorphisms and anti-symmetric gauge transformations as given in terms of
their standard definitions in terms of manifolds and gerbes, there can be no corrections to their
algebra. There is moreover every indication that they form a symmetry group of string theory
at each order in the α′ expansion of the effective action. Here, we have mapped these classical
symmetry generators to quantum vertex operators in an old covariant approach, and we have
found that the algebra of operators at lowest order agrees with their geometric counterpart,
while at higher order, it receives corrections. There may exist charges (which are α′ corrected)
that will have an uncorrected geometric algebra. Nevertheless, the operators we define above are
natural, and may form an alternative slice of the large symmetry algebra of string theory that
could also be useful. A proper embedding in a covariant BRST framework seems primordial.
These important points will turn out not to be crucial to the particular application we have in
mind in this paper. In spite of this, to further frame the interesting questions that arise from
these results, we give a more extensive discussion of α′ contributions to stringy vertex operator
algebras from the point of view of two-dimensional chiral and non-chiral conformal field theory
in the extended appendix B to this paper. In this appendix, we review the chiral first order
algebra of [19], the chiral doubled algebra of [20], and how they relate to the non-chiral algebra
we determined above. Further analysis of our generic result may well be fruitful.
3.3 Other worldsheet quantum corrections
We return to remark on a point we left aside previously. In our calculation, we dropped an
overall factor of |z1 − z2|α′k1·k2 in the operator product of Fourier modes with momenta k1
and k2. To gauge the influence of this factor on the algebra at lowest order, we suppose that
α′k1 · k2 << 1. Then, we find |z1 − z2|α′k1·k2 ≈ 1 + α′k1 · k2 log |z1 − z2|. Therefore in the
commutator we will encounter expressions of the form:
lim
ǫ→0
log |σ − iǫ|
σ − iǫ −
log |σ + iǫ|
σ + iǫ
= 2πi log σδ(σ) . (3.15)
Still other contributions will be proportional to log σδ′(σ). These terms are of a different type
than those that give rise to the α′ corrections we studied above, such that it is justified to
consider them separately.
3.4 Quantum corrections and marginality
As reviewed in appendix A, all diffeomorphism operators in string theory, defined as the BRST
operator acting on seed operators, are manifestly BRST closed. However, if we want a dif-
feomorphism operator to correspond strictly to a shift of a physical graviton vertex operator
(proportional to the left and right ghosts cc¯), then we must demand that the diffeomorphism
is marginal, namely, its momentum k is on-shell (k2 = 0) and transverse (e · k = 0 where e
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is the polarization of the vertex operator). Let’s recall how these conditions come about. For
simplicity, we consider the left-moving part of a diffeomorphism charge:
Vξ =
1
4π
∮
dz ξν∂X
ν , (3.16)
or more carefully, let us consider a Fourier component:
Ve,k = eν(k) ∂X
νeikX . (3.17)
We will compute when this operator is a primary of dimension 1 on the left. To that end, we
compute the operator product expansion with the left energy-momentum tensor of the theory.
− 1
2
∂Xµ∂Xµ(1) · Ve,k(2) = −i e · k
(z − w)3 e
ikX(2) +
α′k2
4 + 1
(z − w)2Ve,k(2) +
1
z − w∂Ve,k(2)
(3.18)
which says that the operator Ve,k is dimension one on the left on the condition that the polar-
ization is transverse (e · k = 0), and the operator is on-shell (k2 = 0).
If we consider the commutator of marginal diffeomorphism vertex operators, and more-
over require that the result also be a marginal operator, then no anomalous worldsheet quan-
tum corrections (of the type discussed in subsection 3.3) will occur. Indeed, consider two
marginal diffeomorphisms, and require that they commute into a third, marginal diffeomor-
phism. Marginality implies that k1 and k2 square to zero. On the other hand, the newly gener-
ated diffeomorphism has momentum k1+k2 and will only be marginal if (k1+k2)
2 = 0 = 2k1 ·k2.
The terms generated by contractions of the parameters of diffeomorphism among themselves
will then vanish. Note that if one starts with two marginal diffeomorphisms, the result is not
necessarily marginal, such that the set of marginal diffeomorphism vertex operators does not
necessarily close among itself under commutation.
3.5 Asymptotically marginal diffeomorphisms
For our purposes however, marginality will be too strong a requirement on the diffeomorphism
vertex operators we wish to consider. Rather, we will consider diffeomorphisms that we call
asymptotically marginal. These are diffeomorphism operators that are marginal on the world-
sheet, only up to terms which are asymptotically vanishing in space-time. This allows for
sufficient freedom to realize asymptotic symmetry groups in terms of worldsheet vertex opera-
tors. These operators will act on the solution space with given asymptotic boundary conditions.
We illustrate these concepts with an example in the next section.
4 Three-dimensional flat space
In this section, as an example of the use of the above concepts and results, we study string
theory in three-dimensional flat space and its asymptotic symmetry algebra BMS3 [8]. The
framework developed earlier is valid for higher dimensional flat spaces as well. We note that
the BMS3 diffeomorphisms generate the solution space in pure three-dimensional flat space
gravity (as they do in AdS3 pure gravity) [8]. Thus, these should correspond to asymptotically
marginal diffeomorphisms. We will show that they do, and will show that the classes of α′
corrections computed previously are absent for these diffeomorphism vertex operators. In this
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section, we suppose that string theory is compactified on an appropriate space and that the
non-compact directions correspond to the space-time R2,1.
The worldsheet theory for a string in (Euclidean) three-dimensional flat space is:
S =
1
2πα′
∫
d2z ∂Xi∂¯Xi , (4.1)
where i = 1, 2, 3. We will work in terms of the linearly related coordinate system of free fields
(φ, γ, γ¯):
X1 = φ
X2 + iX3 = γ
X2 − iX3 = γ¯ . (4.2)
4.1 The BMS3 diffeomorphism vertex operators
We demand that the space-time be asymptotically Minkowski (see e.g. [8]). Coordinates well
adapted to the calculation of the asymptotic symmetry group are (u, r, ϕ) with metric:
ds2 = −du2 − 2dudr + r2dϕ2 . (4.3)
In these coordinates, the boundary is at fixed ϕ, u and radial infinity r → ∞. The string
worldsheet theory is interacting, and strongly interacting at large radius. A trick could consist
in introducing an auxiliary coordinate to reduce the r2 term to a r−2 interaction, but we will
not follow this route here. Rather, we will go back and forth between the asymptotic symmetry
coordinates (u, r, ϕ) and the free field coordinates (φ, γ, γ¯). The metric in the latter coordinates
is
ds2 = dφ2 + dγ dγ¯ , (4.4)
and the mapping between the coordinate sets is
φ = −i(u+ r)
γ = reiϕ
γ¯ = re−iϕ . (4.5)
The components of the vector fields representing the infinitesimal diffeomorphisms that generate
the BMS3 algebra are [8] :
ξu = T + uY ′
ξϕ = Y − 1
r
(
T ′ + uY ′′
)
ξr = −rY ′ + T ′′ + uY ′′′ , (4.6)
where the functions T and Y are functions of the angular coordinate ϕ only. Primes on the
functions Y and T will correspond to the derivatives with respect to the ϕ coordinate.
We wish to write down the vertex operators corresponding to the BMS3 diffeomorphisms
in the free field theory variables. To do this, we perform the coordinate transformation to
the (φ, γ, γ¯) variables on the vector fields. Next, we Fourier decompose the generators T and
Y in ϕ. With those results, we can compute the corresponding vertex operators, in free field
variables. The results are as follows.
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4.1.1 The translation vertex operators
We find the components of the translation diffeomorphisms corresponding to the n-th Fourier
mode of T :
ξφT,n = −i(1− n2)
(
γ
γ¯
)n
2
,
ξγT,n = −n(n− 1)
(
γ
γ¯
)n+1
2
,
ξγ¯T,n = −n(n+ 1)
(
γ
γ¯
)n−1
2
. (4.7)
The corresponding vertex operators VT,n are:
VT,n =
1
8π
∮
dz
(
− 2i(1− n2)
(
γ
γ¯
)n
2
∂φ− n(n+ 1)
(
γ
γ¯
)n−1
2
∂γ − n(n− 1)
(
γ
γ¯
)n+1
2
∂γ¯
)
− 1
8π
∮
dz¯
(
− 2i(1 − n2)
(
γ
γ¯
)n
2
∂¯φ− n(n+ 1)
(
γ
γ¯
)n−1
2
∂¯γ − n(n− 1)
(
γ
γ¯
)n+1
2
∂¯γ¯
)
.
4.1.2 The rotation vertex operators
For the Fourier modes of infinitesimal rotation diffeomorphisms, we find:
ξφY,n = n
(
i(1− n2)φ+ (n2 − 2)√γγ¯
)(γ
γ¯
)n
2
ξγY,n = (n− 1)
(
n2φ+ i(n2 − 1)√γγ¯
)(γ
γ¯
)n+1
2
ξγ¯Y,n = (n+ 1)
(
n2φ+ i(n2 − 1)√γγ¯
)(γ
γ¯
)n−1
2
. (4.8)
These components lead to the vertex operators VY,n :
VY,n =
1
8π
∮
dz
(
2n
(
i(1− n2)φ+ (n2 − 2)√γγ¯
)(γ
γ¯
)n
2
∂φ
+(n+ 1)
(
n2φ+ i(n2 − 1)√γγ¯
)(γ
γ¯
)n−1
2
∂γ
+(n− 1)
(
n2φ+ i(n2 − 1)√γγ¯
)(γ
γ¯
)n+1
2
∂γ¯
)
− 1
8π
∮
dz¯
(
2n
(
i(1− n2)φ+ (n2 − 2)√γγ¯
)(γ
γ¯
)n
2
∂¯φ
+(n+ 1)
(
n2φ+ i(n2 − 1)√γγ¯
)(γ
γ¯
)n−1
2
∂¯γ
+(n− 1)
(
n2φ+ i(n2 − 1)√γγ¯
)(γ
γ¯
)n+1
2
∂¯γ¯
)
. (4.9)
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4.1.3 Asymptotic marginality
We now wish to check whether theBMS3 diffeomorphism vertex operators satisfy the conditions
of asymptotic marginality. We perform this calculation in the free field flat space variables
(φ, γ, γ¯) in which we derived the conditions of transversality:
∂µξ
µ = 0 (4.10)
and masslessness:
∂µ∂
µξν = 0 . (4.11)
After a calculation, we find that transversality is satisfied exactly for the translation as well as
the rotation charges. The calculation involves non-trivial cancellations between the coefficients,
dependent on the Fourier momentum n. We moreover have that the massless, or marginality
condition is satisfied for the translation charges up to terms that go like r−2 and for the rotation
charges up to terms that go like r−1. This comes about because the non-trivial contributions
arise from γ and γ¯ derivatives, which lower the power of the radial coordinate r in the diffeo-
morphism parameter by 2. Taking into account the leading term in the parameter (which is
O(r0) for translations and O(r) for rotations), we find the quoted suppression factors. From
appendix A it should be clear that we are comparing the momentum squared contribution in
the worldsheet conformal dimension to the leading contribution of 1 arising from a worldsheet
derivative in the diffeomorphism vertex operator. Hence, at large radius (compared to the string
length), these terms indeed are negligible. Thus, the BMS3 diffeomorphisms are asymptotically
marginal.
4.2 The BMS3 algebra
We have already established that to leading order in α′ the (generalized, asymptotically marginal)
diffeomorphism vertex operators that we constructed satisfy the algebra of ordinary diffeomor-
phisms. Thus, for the BMS3 diffeomorphisms, they satisfy the BMS3 algebra. We have proven
this by going to a coordinate system where the worldsheet fields are free, then performing the
operator products, and commutators, after which we return to the coordinate system handy in
the definition and analysis of the asymptotics. Thus, the embedding of the BMS3 algebra in
a consistent theory of quantum gravity has been obtained. In this subsection, we show that
the potential α′ corrections we computed are subleading asymptotically, and that therefore the
BMS3 algebra is represented without α
′ corrections.
To establish these facts, we first distinguish three types of commutators, namely between
translations, between rotations and translations, and between rotations. Firstly, as an illustra-
tive example, we present the computation of the higher derivative corrections to the algebra
of rotational diffeomorphisms. We recall the algebra we derived in (3.12). We must be careful
to apply the formula to diffeomorphisms expressed in the free field coordinates (φ, γ, γ¯). Af-
terwards, we express the coefficients in the coordinate system (r, u, ϕ) to simplify the task of
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comparing orders of coefficients in the limit of fixed u, ϕ and r →∞. In practice, we find:
[ξY,n, ξY,m]
φ = −i(n−m)ξφY,n+m +
im2n2(n2 −m2)u2ei(m+n)ϕ
r
+
α′
4
i(n2 −m2)(n2 +m2 − 1)ei(n+m)ϕ
r
+O
(
1
r2
)
,
[ξY,n, ξY,m]
γ = −i(n−m)ξγY,n+m −
m2n2(n2 −m2)u2ei(m+n+1)ϕ
r
+
α′
4
(m− n)(m+ n− 1)(m2 + n2 −m− n− 2)ei(n+m−1)ϕ
2r
+O
(
1
r2
)
,
[ξY,n, ξY,m]
γ¯ = −i(n−m)ξγ¯Y,n+m −
m2n2(n2 −m2)u2ei(m+n−1)ϕ
r
+
α′
4
(m− n)(m+ n+ 1)(m2 + n2 +m+ n− 2)ei(n+m+1)ϕ
2r
+O
(
1
r2
)
.
(4.12)
All corrections are subleading with respect to the asymptotic algebra of diffeomorphisms. In-
deed, comparing to the φ, γ, γ¯-components of the rotational diffeomorphisms expressed in r, u, ϕ-
coordinates:
ξφY,n = −n
(
r + (n2 − 1)u)einϕ
ξγY,n = −i(n− 1)
(
r + n2u
)
ei(n+1)ϕ
ξγ¯Y,n = −i(n+ 1)
(
r + n2u
)
ei(n−1)ϕ , (4.13)
we see that the corrections in equation (4.12) are subleading in the asymptotic region at fixed
Fourier momentum. Also, we find that the α′ corrections of the form ∂µ ∂ρξ
ν ∂νξ
ρ are entirely
absent for translations, while for rotations acting on translations, we need to compare the
corrections to the translation diffeomorphisms:
ξφT,n = −i(1− n2)einϕ ,
ξγT,n = −n(n− 1)ei(n+1)ϕ ,
ξγ¯T,n = −n(n+ 1)ei(n−1)ϕ . (4.14)
We find that the α′ corrections are down by a power of r with respect to these coefficients.
We thus find that the asymptotic symmetry algebra is well represented by our asymptotically
marginal vertex operators, even when including α′ corrections.
Moreover, we note that the condition of asymptotic marginality satisfied by ξ1, ξ2 and their
commutator, implies that the corrections proportional to α′k1 ·k2 are also absent. Alternatively,
this follows from an argument similar to the one given in subsection 4.1.3 that guaranteed
asymptotic marginality.
4.3 The central charge
Let’s consider in more detail commutators that give rise to a central charge contribution. These
are commutators of the form:
[Jm,P−m] = 2mP0 + c
12
(m3 −m). (4.15)
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Thus, to see the central charge, we need to match up Fourier momenta. When Fourier momenta
match, we expect terms in the commutator which are formally total derivatives. However, we
may generate operators like ∂σϕ, which can give non-zero contributions to the integral for a
worldsheet profile with winding number w around the ϕ circle. The central charge will jump
when one crosses such a domain wall macroscopic string. This bears similarities to what happens
in AdS3 [14]. Let’s see how this manifests in a string theory context.
In AdS3 solutions to string theory that arise from near-brane limits of the F1-NS5 system,
the central charge is given by c = 6N1N5. Changing the number of fundamental strings N1 by
∆N1 changes the central charge by ∆c = 6∆N1N5 [14]. We can think of our background as
arising from considering a large number N5 of NS5-branes, such that the radius of curvature
R =
√
N5α′ becomes large with respect to the string scale. One over the three-dimensional
Newton constant, meanwhile, is proportional to N1
√
N5. It is fixed by an attractor mechanism.
Changing the number of fundamental strings considered in the near-brane limit corresponds
then to a jump in the three-dimensional Newton constant. It is this change in the central charge
that we detect in the worldsheet calculation. The normalization factor will be:
1
GN
= 4
√
N5N1√
α′
, (4.16)
such that the jump in the inverse Newton constant when we cross a macroscopic fundamental
string will be 4
√
N5∆N1/
√
α′ where ∆N1 = w will correspond to the number of times the
macroscopic worldsheet wraps the angular direction ϕ.
For the evaluation of the central charge in the R2,1 vacuum, a more elaborate analysis is
necessary. It was performed in the AdS3 case in [13]. The analogue of this calculation in R
2,1,
as well as fleshing out our intuitive description of the change in central charge when crossing a
fundamental string, we leave for future work.
5 Conclusion
We analyzed α′ corrections to vertex operator algebras in string theory, and to operator algebras
in two-dimensional conformal field theory. We applied our analysis of possible α′ corrections
to the BMS3 algebra, the asymptotic symmetry algebra of three-dimensional flat space. We
showed that the algebra can be represented in string theory, a consistent theory of quantum
gravity, and that potential higher derivative corrections are absent. Many open research direc-
tions have become more concrete. We name a few:
• Can one use an analogue of bulk-boundary propagators to construct an exact version of
the BMS3 algebra, valid everywhere in the bulk (as in the case of AdS3 [15]) ?
• Give an interpretation of the representation theory of the BMS3 algebra in terms of the
bulk gravitational theory.
• Apply our formalism to other asymptotic symmetry algebras. The application to BMS4,
or four-dimensional Minkowski space is straightforward while curved bulk spaces require
more work on worldsheet vertex operator algebras.
• Interpret the Jacobiators of α′ corrected non-chiral vertex operator algebras, and their
space-time counterparts in an algebraic and in a geometric framework.
• Embed our analysis in closed string field theory.
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• Analyze whether effective actions satisfy a constraint because of an α′ corrected gauge
algebra.
• Extend/restrict our analysis to electromagnetism in three-dimensional flat space. (See
also [21].)
• Extend the algebra to include supersymmetry.
Our work is but a step towards an improved understanding of how the work on asymptotic sym-
metry groups in gravity is embedded in string theory. One may legitimately hope that studying
the symmetry of quantum theories of gravity will further our understanding of holography.
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A Diffeomorphism operators are BRST exact
In this appendix we discuss an elementary aspect of diffeomorphism vertex operators. Diffeo-
morphism vertex operators arise from the action of the BRST operator QB on a seed vertex
operator S. As such, they will be BRST closed, independent of the chosen seed S. In particular,
there will be no further constraint necessary in order for them to be on-shell in that sense. We
wish to demonstrate this elementary fact explicitly.
We will concentrate on the left-movers only, and start out with a seed vertex operator S
which is an exponential with momentum k:
S = : eikX : , (A.1)
in a theory of free scalar fieldsX, i.e. flat space string theory. Next, we compute the commutator
with the BRST charge QB, which is given as an integral over the BRST current jB (see e.g. [22]):
jB = cT
matter+ : bc∂c : +
3
2
∂2c
QB =
1
2πi
∮
dzjB . (A.2)
The commutator gives the vertex operator V :
V = [QB, S(w)] =
∮
Cw
dz
2πi
jB(z)S(w) = c∂S(w) +
α′k2
4
∂cS(w). (A.3)
as follows from the operator product expansion:
Tmatter(z)S(w) ∼
α′k2
4
(z − w)2S(w) +
1
z − w∂S(w) + . . . (A.4)
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To confirm that this is a BRST exact vertex operator, we continue the analysis and compute
the commutator of the BRST operator QB and the vertex operator V , which is based on the
operator product expansion of the energy momentum tensor with the field ∂S and the OPE of
bc∂c with the ghost c and its derivative ∂c:
Tmatter(z)∂S(w) ∼
α′k2
2
(z − w)3S(w) +
α′k2
4 + 1
(z − w)2 ∂S(w) +
1
z − w∂
2S(w) + . . .
b c ∂c(z) c(w) ∼ 1
z − wc∂c(w) + . . .
b c ∂c(z) ∂c(w) ∼ 1
(z − w)2 c ∂c(w) +
1
z − wc∂
2c(w) + . . . (A.5)
The field ∂S is a quasi-primary field. For the commutator we find:
[QB , V (w)] = ∂
2c c
α′k2
4
S(w) + ∂c c(
α′k2
4
+ 1)∂S(w) +
α′k2
4
c ∂c ∂S(w)
+c ∂c ∂S(w) +
α′k2
4
c ∂2c S(w)
= 0. (A.6)
From this exercise we see that there will be no constraints on the momentum (or polarization) of
a diffeomorphism vertex operator for it to be BRST closed. In that sense, it is always on-shell.
We also see from (an easy extension of) the above calculation that if we wish the diffeomor-
phism vertex operator to correspond to a shift only of the physical graviton vertex operator
proportional to cc¯O where O is a matter primary of dimensions (1, 1), then we must demand
that the seed operator S is massless and that the diffeomorphism is transverse. Such a diffeo-
morphism vertex operator, we call marginal.
B Higher derivative corrections to operator algebras
In this appendix, we analyze algebras of currents and charges in chiral and non-chiral conformal
field theory, and their higher derivative corrections. Abstract algebras in two-dimensional
conformal field theories have been useful in finding exact solutions to spectral problems as
well as correlation functions. They have very interesting connections with various branches
of mathematics, including affine Kac-Moody algebras, generalized geometry and deformation
theory. They also serve as basic building blocks for symmetries in string theory, including
isometries of target space, T-dualities, asymptotic symmetry groups as well as gauge symmetries
like diffeomorphisms. It is the latter application we have in mind in the bulk of the paper.
In particular, we compute a number of these worldsheet algebras, and their Jacobiator.
Firstly, we remark that the Jacobiator of chiral current algebras is a total derivative by the
theory of vertex operator algebras [23]. Next, we compute the Jacobiator for a conformal field
theory algebra with α′ corrections associated to a first order formalism for worldsheet sigma-
models [19], and for an example based on the chiral algebra of a free scalar field.3 These chiral
algebras are warm-up examples for the non-chiral algebra we study next, of diffeomorphism and
anti-symmetric gauge transformation operators. In particular, we analyze non-chiral current
algebras that at leading order form a Courant algebra, and compute higher order corrections.
We also calculate the ensuing Jacobiator which contains total derivative terms, and extra terms.
3This algebra was independently calculated in [20] where the Jacobiator was computed as well. Moreover, [20]
developed a theory of invariant tensors with applications to α′ corrected doubled geometry.
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B.1 Chiral algebras
In this first subsection, we concentrate on chiral algebras, associated to (holomorphic) vertex
operator algebras. When we analyze algebras of charges based on contour integrals of holomor-
phic vertex operators, we can make good use of the mathematics of vertex operator algebras
(see e.g. [23] for a very readable account). We can use the general theory to argue for the fact
that Jacobiators are total derivatives, and that the algebra of integrated charges satisfies the
Jacobi identity. In this section, we recall a few facts of the general theory of vertex operators
algebras and apply it to two algebras of charges. One example is related to βγ systems [19],
and another is based on the vertex operator algebra of a chiral boson and was also discussed
in [20] recently.
B.1.1 The general theory
Vertex operator algebras contain a multitude of algebraic structures. One is the (n)-product of
vertex operators which to vertex operators a and b associates the residue of the (n + 1)st pole
in the operator product of mutually local vertex operators a(z) and b(w), expanded at w. That
leads to the formula for mutually local operators:
a(z)b(w) =
N−1∑
j=0
a(w)(j)b(w)
(z − w)j+1 + : a(z)b(w) : (B.1)
We note that the zeroth product coincides with a contour integral action:
a(w)(0)b(w) =
∮
w
dz a(z)b(w) , (B.2)
which in turn is equivalent to a commutator. The associativity of the product of vertex operators
evaluated at different points implies a large number of properties of the (n)-products. Using
these properties, the Jacobiator of the (0)-product can be computed, and it is guaranteed to
be a total derivative. Explicitly, it is given by:
a(w)(0)
(
b(w)(0)c(w)
)
+ c(0)
(
a(w)(0)b(w)
)
+ b(w)(0)
(
c(w)(0)a(w)
)
=
−
∞∑
j=1
(−1)j∂(j)w
(
c(w)(j)
(
a(w)(0)b(w)
)
+ b(w)(0)
(
c(w)(j)a(w)
))
. (B.3)
This is a standard result in the sense that it is known that modulo the derivative of the vertex
operator algebra, the Jacobi identity is satisfied. Less well known seems to be the fact that
the Jacobiator can be calculated in terms of the (n)-products of the operators, and that this
identity is part of the structure of a strongly homotopy Lie algebra [24]. Strongly homotopy
Lie algebras are known to arise in covariant string field theory [25, 26]. It is gratifying to see
them feature in the elementary context of chiral conformal field theory as well.
In the following, we give two examples of chiral vertex operator algebras in which the zeroth
product gives rise to an interesting bracket operation on a set of vertex operators. Using the
general structure of vertex operator algebras, we will be guaranteed a total derivative Jacobiator,
which we compute. We are particularly interested in bracket operations that contain higher
derivative (α′) corrections.
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B.1.2 An algebra in first order formalism
A first interesting chiral algebra that contains α′ corrections was discussed in [19]. It uses
holomorphic vertex operators only, and contour manipulations. We define two chiral vertex
operators p and X which satisfy the following operator products:
pµ(z)X
ν(w) ∼ − δ
ν
µ
z − w . (B.4)
We can think of the algebra as arising from a first order action principle for a free chiral boson.
We now wish to analyze an algebra of charges and vertex operators given by the following
expressions:
r(f, k) =
1
2πi
∮
dz fµe
ikνX
ν
∂Xµ ,
n(e, k) =
1
2πi
∮
dz eµeikνX
ν
pµ . (B.5)
The relevant operator product expansion for the factors appearing in these charges are:
pµ(z) e
ikX(w) ∼ − ikµ
z − w e
ik·X(w) . (B.6)
We will not only study the algebra of charges r, n but also the vertex operator algebra of their
integrands, R = fµ e
ikνX
ν
∂Xµ and N = eµ eikνX
ν
pµ. In particular, let’s consider the operator
product of two operators N :
N1(z1)N2(z2) ∼ 1
(z1 − z2)2 e1 · k2 e2 · k1 e
i(k1+k2)·X(z2)
− i
z1 − z2
(
e1 · k2 e2 · p− e2 · k1 e1 · p
)
ei(k1+k2)·X(z2)
+
i
z1 − z2 e1 · k2 e2 · k1 k1 · ∂X e
i(k1+k2)·X(z2)
+regular (B.7)
In the language of the (n)-products, we can reformulate the operator product expansion as:
N1(z2)(1)N2(z2) = e1 · k2 e2 · k1 ei(k1+k2)X(z2)
N1(z2)(0)N2(z2) = −i
(
e1 · k2 e2 · p− e2 · k1 e1 · p
)
ei(k1+k2)X(z2)
+ie1 · k2 e2 · k1 k1 · ∂X ei(k1+k2)X(z2)
We note that for holomorphic vertex operators, we have that the commutator of their contour
integrals is given by the contour integral of the (0)-product. Thus, the properties of the (0)-
product of integrands will largely determine the properties of the charges (i.e. the integrated
vertex operators). The algebra of the vertex operators that appear as integrands in our charges
is:
R1(0)R2 = 0 R(0)N = i e · k1 f · ∂X ei(k1+k2)X − i e · f k1 · ∂X ei(k1+k2)X . (B.8)
After Fourier transformation, we can define the operators n and r as [19]:
n =
1
2πi
∮
dz vµpµ r =
1
2πi
∮
dz ωµ∂X
µ , (B.9)
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and find the non-zero commutators:
[nv1 , nv2 ] = n[v2,v1] + rΩ(v1,v2) [rω, nv] = rLvω
Ωµ(v1, v2) = −1
2
(∂µ ∂νv
ρ
1 ∂ρv
ν
2 − ∂µ ∂νvρ2 ∂ρvν1 ) , (B.10)
where ω is considered a one-form and v a vector. Note that this agrees with the algebra of [19].4
We used that we can neglect total derivatives in the parameter of the r-charge. The algebra
contains a higher derivative α′ correction. This is a basic example of the type of correction we
wish to analyze.
The Jacobiator
The only non-trivial Jacobiator is the one where we consider three n-operators. Using the (j)-
product formalism, we see that the Jacobiator contains terms with (1)-products at most. We
thus have for the Jacobiator [n1, [n2, n3]] + cyclic = rω where ω is a total derivative determined
by (see formula B.3):
∂w
(
V3(w)(1)
(
V1(w)(0)V2(w)
)
+ V2(w)(0)
(
V3(w)(1)V1(w)
))
= ∂w
(
V3(w)(1)
(
− i(e1 · k2 e2 · p− e2 · k1 e1 · p)eik1+k2)X(w))
+V2(w)(0)
(
e3 · k1 e1 · k3 ei(k1+k3)X(w)
))
=
(
− i e1 · k2 e2 · k3 e3 · k1 + i e1 · k3 e2 · k1 e3 · k2 − i e1 · k2 e2 · k3 e3 · k2
−i e1 · k3 e2 · k3 e3 · k1 − i e1 · k2 e2 · k1 e3 · k1
)
∂we
i(k1+k2+k3)X(w) . (B.11)
We conclude that in the vertex operator formalism, the Jacobiator has total derivative param-
eter ω given by5:
ωµ = ∂µS1st
S1st =
1
3
∂νξ
ρ
[1 ∂ρξ
σ
2 ∂σξ
ν
3] + (ξ
ρ
1 ∂ρ ∂νξ
σ
2 ∂σξ
ν
3 + cycl. perm) (B.12)
It is crucial to remark that the total derivative Jacobiator depends on the choice of total
derivative terms in the commutator. To reproduce the above Jacobiator from the brackets, one
would use the choice of total derivative terms:
[nv1 , nv2 ] = n[v2,v1] + rΩ(v1,v2) [nv, rω] = −rvρ∂ρωµ+∂µvρωρ Ωµ(v1, v2) = −∂µ∂νvρ1∂ρvν2 .
This choice is dictated by the fact that the µ derivative, arising from the Taylor expansion of an
operator, by convention in vertex operator algebras, is always performed on the first operator,
and therefore acts on the first parameter in the commutator brackets. We can simplify the
Jacobiator by making a particular choice of brackets. Several choices give a simple Jacobiator
result. One choice is the original one we made in equation (B.10), while another choice is:
[nv1 , nv2 ] = n[v2,v1] + rΩ(v1,v2) [nv, rω] = −rvρ∂ρωµ−∂µωρvρ Ωµ(v1, v2) = −∂µ∂νvρ1∂ρvν2 .
4Up to a minor typo in [19], and a different convention for α′.
5Our convention for anti-symmetrization is [ab] = ab− ba.
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In both cases the seed function is proportional to:
S1st =
1
3
∂νξ
ρ
[1 ∂ρξ
σ
2 ∂σξ
ν
3] (B.13)
It has the distinguishing feature of being anti-symmetrized over the indices 1, 2, 3. The ambigu-
ity in the Jacobiator will be present in all future computations. In the following, we will prefer
to work with brackets which are anti-symmetrized, and which correspond (when relevant) to
Courant brackets at lowest order. It is tedious but straightforward to work out the Jacobiators
for all other choices of total derivative terms.
B.1.3 A purely left gauge theory algebra
In this subsection, we want to study a second example of a chiral algebra of currents and
charges. The algebra is embedded in the vertex operator algebra of a free chiral scalar field X.
We can think of X = XL as holomorphic, and we will again denote its left momentum kL by k
in this section. We want to compute the (chiral) algebra of the operators:
QL =
1
2πi
∮
ξL(X) · ∂X . (B.14)
However, now we work with the elementary operator product:
Xµ(z)Xν(w) ∼ −ηµν log(z − w) . (B.15)
After Fourier decomposition, and noting the operator product equality
: eiki·X(z) : : eikj ·X(w) : = z
α′
2
ki·kj : eiki·X(z)eikj ·X(w) : (B.16)
we see that to have a strict vertex operator algebra, we need ki · kj ∈ 2Z. In the following, we
make the stronger assumption ki · kj = 0, and we will remark on it when pertinent. Another
difference with the algebra of subsection B.1.2 will be that additional terms are generated
because ∂X will contract with ∂X and eikX . After a calculation very similar to that of the
previous subsection, we find the commutator of these charges:
[QL(ξ
L
1 ), QL(ξ
L
2 )] = −QL([ξL1 , ξL2 ]) +QL(ω(ξL1 , ξL2 )) (B.17)
where we have defined:
ωµ(ξ
L
1 , ξ
L
2 ) = −
1
2
(
∂µξ
L
1 · ξL2 − ∂µξL2 · ξL1
)
+
λ3
2
(
∂µ∂ρξ
Lσ
1 ∂σξ
Lρ
2 − ∂µ∂ρξLσ2 ∂σξLρ1
)
,
(B.18)
and λ3 is proportional to α
′. Again, the Jacobi identity will be satisfied by the general theory
of vertex operator algebras. If we record the algebra in terms of the parameters of the charges,
we can compute the parameter of the Jacobiator to be a total derivative. It is explicitly given
by :
JL = ∂µSL
SL =
1
8
(
ξ[1ν ξ2ρK3]νρ + λ3 ξ
[1ν K2ρσ∂νK
3]
ρσ +
2λ3
3
K [1ν
ρ
K2ρ
σ
K3]σ
ν
)
(B.19)
where
Kµν = ∂µξν − ∂νξµ . (B.20)
An identical right algebra associated to an anti-holomorphic vertex operator algebra can be
constructed. In our final formula, we put the Jacobiator in a form that is easy to match to [20].
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Bootstrapping a purely left algebra
In this subsection, we take an alternative approach to finding higher derivative corrections. We
analyze a class of extensions of the lowest order algebra and demand that the extension still
satisfy the Jacobi identity for charges (or that the Jacobiator of parameters is a total derivative).
We set up the problem with the ansatz:
[QL(ξ
L
1 ), QL(ξ
L
2 )] = −QL([ξL1 , ξL2 ]) +QL(ω(ξL1 , ξL2 ;λ1, λ3, ǫ1, ǫ3)) (B.21)
where we define:
ωµ(ξ
L
1 , ξ
L
2 ;λ1, λ3, ǫ1, ǫ3) = −
λ1
2
(
∂µξ
L
1 · ξL2 − ∂µξL2 · ξL1
)
+ ǫ1 ∂µ
(
ξL1 · ξL2
)
−λ3
2
(
∂µ ∂ρξ
Lσ
1 ∂σξ
Lρ
2 − ∂µ ∂ρξLσ2 ∂σξLρ1
)
+ ǫ3 ∂µ
(
∂ρξ
Lσ
1 ∂σξ
Lρ
2
)
.
(B.22)
We want to check the Jacobi identity for generic parameters λ1, λ3 and the impact of the total
derivatives which we can add to ωµ. We can then prove the following results. When λ3 = 0,
we find that λ1 = 0 or λ1 = 1 are the only two solutions to the Jacobi identity, independently
of the values of ǫ1, ǫ3. If we have that λ3 6= 0, then we must have λ1 = 1. In other words, we
cannot add the λ3 term without adding the λ1 = 1 term. On the dimensionful parameter λ3
there is no further condition. The anti-symmetric choice of total derivative term (ǫ1 = ǫ3 = 0)
matches the bracket in equation (B.17).
B.2 A non-chiral algebra
In this section, we analyze how the algebras are modified when the left- and right-moving sectors
communicate. The general theory of vertex operator algebras, and their tensor products, will
now no longer guarantee a total derivative Jacobiator. We can thus expect new algebraic struc-
tures. We focus on the example of the algebra of vertex operators associated to diffeomorphism
and anti-symmetric gauge parameters.
First of all, we remark that a pedagogical classical derivation of the Courant bracket of
local invariances on the string worldsheet is given in [17]. Moreover, a clear explanation of
the Courant bracket and why it arises from non-commutativity of diffeomorphisms and anti-
symmetric gauge transformations and that it has enhanced symmetry properties has been re-
viewed in [18], where further original references can be found.
Here we will be interested in higher derivative corrections to the algebra of (generalized)
diffeomorphism vertex operators. To simplify our life, we will consider a model of chiral bosons,
both left and right, and ignore contact terms. Thus, we consider the following algebras of chiral
fields:
XL(z)XL(w) ∼ − log(z − w)
XR(z¯)XR(w¯) ∼ − log(z¯ − w¯) . (B.23)
To mix the left and the right algebras in this model, we introduce the following charges:
QL =
∮
dzξL
(
XL(z),XR(z¯)
)
∂XL(z)
QR =
∮
dz¯ξR
(
XR(z¯),XL(z)
)
∂¯XR(z¯) . (B.24)
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We leave the basic operator product expansions unchanged. The resulting algebra is:
[QL(ξ
L
1 ), QL(ξ
L
2 )] = QL([ξ
L
1 , ξ
L
2 ]) +
1
2
QL
(
∂Lµ ξ
ρ
1ξ2ρ − ∂Lµ ξρ2ξ1ρ
)− 1
2
QR
(
∂Rµ ξ
ρ
1ξ2ρ − ∂Rµ ξρ2ξ1ρ
)
+
α′
4
QL
(
∂Lµ ∂
L
σ ξ
ρ
1 ∂
L
ρ ξ
σ
2 − ∂Lµ ∂Lσ ξρ2 ∂Lρ ξσ1
)− α′
4
QR
(
∂Rµ ∂
L
σ ξ
ρ
1 ∂
L
ρ ξ
σ
2 − ∂Rµ ∂Lσ ξρ2 ∂Lρ ξσ1
)
,
and an identical right algebra (with left and right interchanged). The left-right algebra is
[QL(ξ
L
1 ), QR(ξ
R
2 )] = −QL
(
ξR2ρ∂Rρ ξ
L1
)
+QR
(
ξL1ρ∂Lρ ξ
R2
)
+
α′
4
QL
(
∂Lµ ∂
R
ρ ξ
L1ν∂Lν ξ
R2ρ − ∂Lµ ∂Lρ ξR2ν∂Rν ξL1ρ
)
+
α′
4
QR
(
∂Rµ ∂
R
ρ ξ
L1ν∂Lν ξ
R2ρ − ∂Rµ ∂Lρ ξR2ν∂Rν ξL1ρ
)
. (B.25)
This algebra is useful in doubled geometry applications. When we identify derivatives with
respect to left and right coordinates, we find the algebra:
[QL(ξ
L
1 ), QL(ξ
L
2 )] = QL([ξ
L
1 , ξ
L
2 ]) +
1
2
QL(∂µξ
ρ
1ξ2ρ − ∂µξρ2ξ1ρ)−
1
2
QR(∂µξ
ρ
1ξ2ρ − ∂µξρ2ξ1ρ)
+
α′
4
QL(∂µ∂σξ
ρ
1∂ρξ
σ
2 − ∂µ∂σξρ2∂ρξσ1 )−
α′
4
QR(∂µ∂σξ
ρ
1∂ρξ
σ
2 − ∂µ∂σξρ2∂ρξσ1 ) .
We also find the mixing:
[QL(ξ
L
1 ), QR(ξ
R
2 )] = −QL(ξR2ρ∂ρξL1) +QR(ξL1ρ∂ρξR2)
+
α′
4
QL(∂µ∂ρξ
L1ν∂νξ
R2ρ − ∂µ∂ρξR2ν∂νξL1ρ)
+
α′
4
QR(∂µ∂ρξ
L1ν∂νξ
R2ρ − ∂µ∂ρξR2ν∂νξL1ρ) . (B.26)
This is the α′ corrected algebra of generalized anti-symmetric gauge transformation and diffeo-
morphism vertex operators in a left-right separated basis. To go to a standard basis, we use
the linear map:
D(ξ) =
1
2
(
QL(ξ) +QR(ξ)
)
A(ξ˜) =
1
2
(
QL(ξ˜)−QR(ξ˜)
)
QL(ξL) = D(ξL) +A(ξL) QR(ξR) = D(ξR)−A(ξR) , (B.27)
and find:
[D(ξ1),D(ξ2)] = D([ξ1, ξ2]µ) +
1
2
D
(
∂µ ∂ρξ
1σ∂σξ
2ρ − ∂µ ∂ρξ2σ∂σξ1ρ
)
[A(ξ˜1), A(ξ˜2)] = −1
2
D
(
∂µ ∂ρξ˜
1σ∂σ ξ˜
2ρ − ∂µ ∂ρξ˜2σ∂σ ξ˜1ρ
)
[D(ξ1), A(ξ˜2)] = A
(
Lξ1 ξ˜2 −
1
2
d (ξ1 · ξ˜2) + 1
2
(
∂µ ∂ρξ
1σ∂σ ξ˜
2ρ − ∂µ ∂ρξ˜2σ∂σξ1ρ
))
.
(B.28)
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The Jacobiators in this basis are:
[D(ξ1), [D(ξ2),D(ξ3)]] + cycl. perm. = D
[
−1
6
∂µ
(
∂αξ
[1β ∂βξ
2γ ∂γξ
3]α
)
−1
2
(
∂µξ
1ρ ∂ρ ∂αξ
[2β∂βξ
3]α + cycl. perm.
)]
= D
[
− 1
12
∂µ
(
K [1α
β
K2β
γ
K3]γ
α
)
− 1
4
∂µξ
[1ν K2ρσ ∂ν K
3]
ρσ
]
[A(ξ˜1), [A(ξ˜2), A(ξ˜3)]] + cycl. perm. = 0
[A(ξ˜1), [A(ξ˜2),D(ξ3)]] + cycl. perm. = D
[
1
2
∂µ
(
∂αξ˜
[1β ∂β ξ˜
2]γ ∂γξ
3α
)
−1
2
∂αξ˜
[1β ∂γ ∂β ξ˜
2]α ∂µξ
3γ − ∂αξ˜[1β ∂µ ∂β ξ˜2]γ ∂γξ3α
]
= D
[
1
12
∂µ
(
K˜ [1α
β K˜2β
γ K3]γ
α
)
−1
4
K˜ [1α
β ∂γ K˜
2]
β
α ∂µξ
3γ − K˜ [1α β ∂µ K˜2]β γ ∂γξ3α
]
[D(ξ1), [D(ξ2), A(ξ˜3)]] + cycl. perm. = A
[
1
4
∂µ
(
ξ[1α ξ2]ν ∂αξ˜
3ν + ∂αξ
[1
ν ξ
2]α ξ˜3ν
)
−1
4
∂µ
(
ξ1ν ∂ν ∂αξ
[2β ∂β ξ˜
3]α + cycl. perm.
)
−1
2
(
2 ∂αξ
[1β ∂µ ∂βξ
2]γ ∂γ ξ˜
3α − ∂ν ∂αξ[1β ∂β ξ2]α ∂µξ˜3ν
)]
= A
[
1
4
∂µ
(
ξ[1α ξ2]ν ∂αξ˜
3ν + ∂αξ
[1
ν ξ
2]α ξ˜3ν − 1
2
ξ[1ν K2ρσ ∂ν K˜
3]
ρσ
)]
−
(
K [1α
β
∂µ K
2]
β
γ
∂γ ξ˜
3α − 1
4
∂ν K
[1
α
β
K
2]
β
α
∂µξ˜
3ν
)]
(B.29)
We use the anti-symmetrization convention which assigns unit weight to each term in the
permutation sum. We also have the useful identities (under the assumption that contracted
momenta are neglected):
K1α
β
K2β
γ
K3γ
α
= ∂αξ
1β ∂βξ
2γ ∂γξ
3α − ∂αξ1β ∂βξ3γ ∂γξ2α
ξ[1ν K2ρσ ∂ν K
3]
ρσ = −2 ξ1ν
(
∂ρξ2σ ∂ν ∂σξ
3
ρ − ∂ρξ3σ ∂ν ∂σξ2ρ
)
+ cycl. perm.
K1α
β
K2β
α
= 2 ∂αξ
1β ∂βξ
2α . (B.30)
In the total derivative term, the Jacobiator of diffeomorphisms is anti-symmetric and linear
in the three parameters ξ1,2,3. Moreover, the extra terms arise from a derivative with an
external leg acting on one of the three parameters. As such, it may allow for an embedding into
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a strongly homotopy Lie algebra. This may be the case for the full algebra of diffeomorphisms
and anti-symmetric gauge transformations. We leave the closer study of the algebra, as well as
the broader question to how this algebraic structure is encoded in the tensor product of vertex
operator algebras for future research. (See e.g. [27] for some inspiration.)
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